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Abstract

In this paper, we investigate the topological and the algebraic struc-
tures of convex subrings of *R, a nonstandard extension of R. Next, using
convex rings, we define several kinds of complex bounded polynomials and
under some additional assumptions, we prove that the quasi-standard part
of such polynomial provides an entire function over some nonarchimedean
field extension of C. Finally, we define new bounded points in a non-
standard extension of a topological vector space, and we construct new
nonstandard hulls of topological vector spaces and we show that such
spaces are complete. Some examples are provided to illustrate our con-
struction.
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1 Introduction

The methods of nonstandard analysis have been applied to topology with illu-
minating and satisfying results, see Robinson [I8] and Luxemburg[16] [15]. They
provide an alternative to the classical description of a topological space by open
sets. The notion of monad is a fundamental concept which encodes a topology
and most of the subsequent development comes from their properties. Mean-
while, constructing nonstandard hulls turned out to be an effective method for
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obtaining new mathematical objects from those available. For metric spaces,
this was carried out by Robinson. For normed spaces and uniform spaces, this
was accomplished by Luxemburg and by Henson and Moore[7] for topological
vector spaces. In the case of measure spaces, it is the Loeb spaces that play
the role of nonstandard hulls [§]. Roughly speaking, the nonstandard hull is
the quotient of the set of "bounded” elements by the equivalence relation of
being infinitely close. The latter property is related to a topology whereas be-
ing bounded is associated to a bornology. Bornologies axiomatize an abstract
notion of bounded sets and are introduced as collections of subsets satisfying a
number of properties. A bornological space is a set equipped with a bornology.
Bornological spaces form a category, the morphisms of which are those func-
tions which preserve bounded sets. The theory of bornological spaces plays an
important role in functional analysis, see H. Hogbe-Nlend[d] [10] and Bourbaki

-

In this paper, we construct bornologies on *X, a nonstandard extension
of a bornological space (X, B). Likewise the topological framework, where at
least two topologies were established by Robinson [I8], we will construct two
bornologies on *X, the first is called the Q-bornology and generated by *B
and the second the S-bornology which is generated by (*B)gecg. For instance
in *R, balls with positive real radii generate the S-bornology of *R and balls
with arbitrary positive radii generate the Q-bornology of *R and both of these
bornologies are compatible with the ring structure of *R.

Using nonstandard analysis, we make more concrete the analogy between
the topological and the bornological context. In the bornological framework,
bX = Upen *B, the set of bounded points in *X, will encode the bornology
B. More precisely, a set is bounded if and only if its nonstandard extension is
included in the set of bounded points and a function is bounded if and only if
its nonstandard extension preserves bounded points. Thus the set of bounded
points in the bornological setting is the counterpart of the monad in the topo-
logical framework.

Furthermore, new bornologies are constructed for metric spaces and locally
convex spaces using convex subrings of *R. Recently, the first author [I1] es-
tablished new topologies parametrized by convex subrings of *R, called QS-
topologies, between the S-topology and the Q-topology.

The paper is organized as follows, section 2 provides a background necessary
for the comprehension of the paper. In section 3, we study convex subrings of *R
and we show that they are simply extensions of *R, the ring of bounded numbers
in *R. This study involves a comparison between the order topology and the
valuation topology on F = F/'F, the nonstandard hull of F, where F is a convex
subring of *R, and ‘F denotes its maximal ideal. We also provide a complete
description of the maximal and the prime spectrum of ’R, see Corollary
In section 4, using convex subrings of *C, we define several kinds of bounded



polynomials, and we show that under the assumption, that F has a nontrivial
real-valued valuation, the quasi-standard part of an F-bounded polynomial gives
an entire analytic function over F”. More generally, we prove that the quasi-
standard part of an F-bounded polynomial is a generalized power series indexed
by a monoid containing N, see Theorem [4.16| These theorems extend some of
our previous results obtained in [12], in which it is shown that the standard part
of a bounded polynomial, i.e., sending *C™ to °C, gives an entire function over
C", where °C stands for the ring of bounded elements in *C. The proofs are not
a direct transposition of those in [I2] and substantial modifications are needed.
The main reason is that a hyperfinite product of elements in F of length in F
is not in general in F. This fact constitute one of the fundamental disparity
between °C and F, a proper subring of *C, such that F 2 *C. In section 5, we
construct new topologies on * F, a nonstandard extension of a topological vector
space E. Then, we define the set of F-bounded points and we construct F, the
F-nonstandard hull of E. The space E endowed with the quotient topology
has the structure of a topological vector space over F. We note that if F = bR
or ’C, then E is the classical nonstandard hull of E constructed by Henson
and Moore in [7]. Finally, we provide some examples of F-nonstandard hulls of
locally convex spaces.

2 Preliminaries

This section of preliminary notions provides a background necessary for the
comprehension of the paper.

2.1 Nonstandard Analysis.

The approach to nonstandard analysis that we use in the present paper fol-
lows that of Stroyan and Luxemburg[I9]. One starts with a superstructure
V(S) = U Vn(S) over set S, which is often not specified explicitly but chosen
large enough to contain all objects under the consideration, real numbers, neces-
sary vector spaces, etc. We suppose that for the enlargement *S of the set S of
basic elements, the natural embedding * : V(S) — V(*5) satisfies the following
principles:

The extension principle. *s = s for all s € S.

The transfer principle. Let ®(z1, zo,...,z,) be a bounded formula of the
superstructure V(S) and let A;, Ay, ..., A, be elements of the superstructure
V(9).

Then the assertion ®(A;, Ao, ..., A,) about elements of V(S) holds true iff the
assertion ®(*Aj, *Aa,...,*A,) about elements of *(V(.9)) does.

Let *(V(S)) be a nonstandard enlargement of a superstructure V(S). An
element x € *(V(9)) is called standard if x = *X for some X € V(S); internal



if x € *X for some X € V(5); external if x is not internal.
It is well known that a nonstandard enlargement *(V(S)) of V(S) can be
chosen so that the following principle is satisfied, see for instance Goldblatt [6].

The general saturation principle. If a family {A,}, € I" of internal sets
possesses the finite intersection property and card(I') < card(V(S)).

Then (,cp Ay # ¢.

In the sequel, we always deal with nonstandard enlargements satisfying the
general saturation principle (they are also called polysaturated).

2.2 Bornological spaces

A bornological space is a type of space which, in some sense, possesses the
minimum structure needed to address questions of boundedness of sets and
functions, in the same way that a topological space possesses the minimum
structure needed to address questions of continuity.

Definition 2.1. Let X be a set. A bornology on X is a collection B of subsets
of X such that

(i) B is stable under inclusions, i.e., if A€ B and A’ C A, then A’ € B;
(ii) B is stable under finite unions, i.e., if By,..., By, € B, then |J_, B; € B.
We say that the bornology B is covering if X =g B.

Elements of the collection B are called bounded sets. The pair (X, B) is
called a bornological set. A base of the bornology B is a subset By of B such
that each element of B is a subset of an element of By.

If X, Y are bornological sets, a function f : X — Y is said to be bounded
if f(B) is bounded in Y for every bounded B in X. One obtains a category of
bornological sets and bounded maps.

We say that a bornology Bj is coarser than the bornology By on X if B; C Bs,
that is, the identity (X, B1) — (X, Bz) is bounded.

2.2.1 Examples

(i) If X is a Ty topological space, there is a bornology consisting of all pre-
compact subsets of X (subsets whose closure is compact). Any continuous
map is bounded with respect to this choice of bornology.

(ii) If X is a metric space, there is a bornology where a set is bounded if it is
contained in some open ball. Any Lipschitz map is bounded with respect
to this choice of bornology.

(iii) If X is a measure space, then the subsets of the sets of finite measure form
a bornology.



2.3 Valuation rings

In this section, we present some basic definitions of the valuation theory of
commutative fields.

Recall that a subring R of a field K is called a valuation ring if every element
of K is either in R or is the inverse of an element of R.

Proposition 2.2. Let R be a valuation ring in its field of fractions K. Then
(i) M is an R-submodule of K if and only if RM C M,
(i) the set of R-submodules of K is totally ordered by the inclusion.
Using inversion in the field K, we can define a bijection from the chain of
R-submodules of K to itself. Indeed, let M be a non-empty set of K. We define
‘M={zeK:x=00r1/z ¢ M}.

Obviously, M is an R-submodule of K if and only if ‘M is an R-submodule
of K and ““M = M holds for any R-submodule M of K.

Theorem 2.3. [2] The mapping * : M — *M yields an anti-correspondence
between the followings chains

(i) R-submodules of K,
(ii) R-submodules of K containing R and the chain of proper ideals of R,

(iii) Spec(R), the set of all prime ideals of R, and the set of all subrings of K
containing R.

Indeed, if S is a subring of K containing R, then ‘S is the maximal ideal of
S, thus it is a prime ideal of R.

3 Convex subrings of R

Let *R be a nonstandard extension of the field of real numbers R and ‘R, *R
and *°R stand for the sets of infinitesimals, bounded (or finite) numbers and
infinitely large numbers in *R, respectively. For a comprehensive introduction
to nonstandard analysis, the reader is referred to [6] 8 13} [19].

First, we recall the definition and some properties of convex subrings of *R.

Definition 3.1. Let F be a nonempty subset of *R. We say that F is a convex
n *R if

(Ve € *R)(VE € F)(|z] < |¢] = = € F).
Remark 3.2. There is a one-to-one correspondence between convexr subrings
of *C and those of *R : let F' be a convexr subring of *C, then F = F' N *R

1s a convexr subring of *R. Conversely, let F be a conver subring of *R, then
F'={a€*C : |a| € F} is a convex subring of *C.



Using the fact that any subring of *R contains Z, it is clear that if F is a
convex subring of *R, then F contains *R. We prove that the converse remains
true.

Proposition 3.3. If M is a *"R-submodule of *R, then M is convex in *R.

Proof. Let x € *R and ¢ € M \ {0} such that |z| < |¢|. Thus z/¢ € *R, and we
deduce that z = (z/£).£ € "R.M C M, that is, M is convex in *R. O

Corollary 3.4. Let F be a subring of *R. Then F is convex if and only if F
contains "R.

Therefore, any convex subring F of *R is a valuation ring. For the remainder
of this paper we fix the following notations : ‘F denotes the maximal ideal of F,
and °F = I \ 'F, the set of appreciable elements of F and *°F = *R \ F.

Let us recall some properties of “F.
Proposition 3.5. Let F be a convexr subring of *R. Then
(i) 'F consists of infinitesimals only i.e., ‘F C 'R.
(ii) 'F is a convez ideal in F i.e., if v € F and € € °F, (|| < [¢] = x € 'F).
(iii) F is a field if and only if F = *R.

We give some examples of convex subrings of *R.

3.0.1 Examples

(i) (Finite Numbers). The ring of bounded nonstandard real numbers °R is
a convex subring of *R. Its maximal ideal is ‘R, the set of infinitesimals.

(ii) (Nonstandard Real Numbers). The field of the real numbers *R is (triv-
ially) a convex subring of *R. Its maximal ideal is {0}.

(iii) (Robinson Rings). Let p be a positive infinitesimal in *R. The ring of the
p-moderate nonstandard numbers is defined by

M, ={z e "R:|z| < p~" for some n € N}.

M, is a convex subring of *R. For its maximal ideal we have

N, ={x € "R |z| < p" for all n € N}.

(iv) (Logarithmic-Exponential Rings) Let p be a positive infinitesimal in *R
and let £, be the smallest convex subring of *R containing all iterated
exponentials of p~!, that is,

E,={z € R:|z| <exp,(p!) for some n € N},



where expg(z) = = and exp,,(z) = exp(exp,,_;(x)) for € *R and n > 0.
The maximal ideal of E, is

‘E,={z € R:|z| < for all n € N}.

exp, (p~1)

(v) Let w be an infinite positive number in *R.

P,={ze™R: |z| <n* for some n € N},

P, is a convex subring of *R, its maximal ideal is given by

. 1
‘P, ={r € R:|z| < — for all n € N}.
n
One can easily check that P, = Mcyp(—u)-

The previous three examples can be generalized using filtrations of F by
bR-submodules of *R. Our treatment is similar but different from the classical
theory of filtrations.

Let (F,)nez be a decreasing sequence of *R-submodules of *R such that

..CF, 1 CF,..CcFFCFp="RcF.,Cc...F.,CF ,1C...C*R

In particular, (F,),>1 is a sequence of proper ideals of *R, so F,, C ‘R, for all
n > 1.

Assume that the sequence (F},),cz satisfy the following two conditions:

(F1) For all n,m € Z, there exists k € Z such that F,, F,,, C Fj.
(F2) Forn >0, F,,41 C‘F_,, C F,.

One can easily check that the condition (F1) is equivalent to for every n > 0,
there exists k > 0 such that F2, C F_y.

Let
F=|]Fn..
nez

Obviously, F is a R-submodule of *R containing R. The condition (F1)
yields F is a subring of *R extension of ’R, hence F is a valuation ring and its
maximal ideal is given by

iF =1 <U F_n> = ﬂiF_nz ﬂFn

neN neN neN



and the last equality follows from the condition (F2).

Typical examples of filtrations satisfying the conditions (F1) and (F2) are
given by principal fractional ideals generated by asymptotic scales. The reader
is referred to Astrada and Kanwal[4] for the classical definition of asymptotic
sequence of functions, and to Jones [5] and to Van den Berg [2I] for the non-
standard treatment of asymptotics.

Definition 3.6. [T1] A sequence (Ap)nen of infinitesimal positive numbers (ex-
cept possibly n = 0) is called an asymptotic scale if it satisfies the following
conditions:

; Ant1 o
(i) for alln € N, 5 € 'R,
(ii) for every n € N, there is k € N such that A\, < \2.

The sequence (A,)nen extends to (A, )nez by putting

1
Ay = o for n € N\ {0}.

Let F,, be the principal fractional ideal generated by \,, that is, for n €
Z\ {0}
F, =\ R.
One can easily check that if (A,) is an asymptotic scale, then (F),)ncz is a chain

of decreasing *R-submodules of *R satisfying the conditions (F1) and (F2).
Indeed, F_,, = F,;! and *F_,, = \,,'R. Hence

F = UFn:{xG*R::z:e)\_anforsomeneN}
nez

is a convex subring of *R and its maximal ideal is given by

iF = ﬂFn:{xe*R:xe)\anforallneN}.
neN

Using convex subrings of *R, a variety of fields F is constructed by Todorov[20].
These fields are called F-asymptotic hulls and their elements F-asymptotic num-
bers. This construction can be viewed as a generalization of A. Robinson’s
theory of asymptotic numbers, see Lightstone-Robinson [I4].

Definition 3.7. Let F be a convex subring of *R. The F-asymptotic hull is the
factor ring F = F/'F.

Let st : F — F stand for the corresponding quotient mapping, called the
quasi-standard mapping.

If 2 € F, we shall often write # instead of st(z) for the quasi-standard part
of x.



We can define an order relation in @, inherited from the order in *R, by

z <y if there are representatives x,y with x < y.

Using the convexity of F, the following proposition is straightforward
Proposition 3.8. (@, <) is a completely ordered field.

We note that Todorov[20] proved a _strong form of Proposition claiming
that F is a real closed field, that is, F is elementarily equlvalent to the real
numbers. In other words, it has the same first-order properties as the reals: any
sentence in the first-order language of fields is true in F if and only if it is true
in the reals.

3.0.2 Topologies on F-asymptotic hulls

Let F be a ring extension of °R filtered by (F),)ncz, a decreasing sequence of
bR-modules, satisfying the conditions (F1) and (F2).
For x € F, let v be the order function defined by

v(z)=sup{n €Z:z € F,} € ZU{+oc0}.

If v is known then so are the F,,, for F), is the set of x such that v(z) > n.
The following equivalences directly follow from the definition of v:

(i) v(z) =pif and only if x € F, and = & Fp4q,
(ii) v(z) = +oc if and only if € 'F =, oy Fn
Besides, for x,y € F, we have

(i) vz — y) > min(u(z), o(y)),

(vi) v(Ax) > v(z), for every A € °R,

(v) if z — y € F, then v(z) = v(y).

Using the property (v), we define v, the order function on F by

where z is any representative of a € @, and the previous properties hold for all
elements in F.

Remark 3.9. If we replace the condition (F1) by the usual condition of the
filtration, that is, for all nym € Z, F, F,, C Fyqpn, we obtain v(xy) > v(x) +
v(y), for all x,y € F. Hence v is a pseudo-valuation on F.



Let now
5(a,b) :=F xF — [0, +00) : (a,b) — e 7@,

The previous properties of v show that (@, 0) is an ultrametric space. More-
over, F,, := F,/'F is a fundamental system of neighborhoods of zero for this

metric topology. There is also another natural topology on F induced by the
order.

Theorem 3.10.
(i) The ultrametric topology is coarser than the order topology on F.

(ii) If F, is generated by an asymptotic scale (\,), then these two topologies

coincide. Moreover, the intervals (fX;,xn\) 18 a fundamental system of
neighborhoods of zero.

(iii) The metric space (ﬁ, 0) is complete.

Proof. (i) Let n € N and r be a positive element of F,, \ F,+1. We have
(=r,r) =r(-1,1) C F,’R C F,,. Hence (—7,7) C E,.

(ii) For any r € °F,, there exists n € N such that r ¢ F,, hence r > A,,
that is, (—An, Ap) C (=7, 7). This shows that the order topology coincides with
the ultrametric topology. Moreover, the intervals (—X;, An) is a fundamental
system of neighborhoods of zero, since for any n € N, (—A,11, Ap+1) C Fpa1 C
(—An, An). R

(iii) The completeness of F is proved in [I1]. O

Definition 3.11. We say that a valuation v is compatible with the order ofﬁ
if it satisfies N
Vao,yeF: fzf <yl = v(z) 2 v(y).

Proposition 3.12. A wvaluation v is compatible with the order of@ if and only
if "R C {z € F:v(Z) > 0}.

Proof. == : Let x € R, then there exists n € N such that |z| < n, hence
|Z] < n. Since the valuation v is compatible with the order of F, we obtain
v(Z) > v(n) > 0.

< :Letz,y € F such that 0 < |z| < |yl, then there exists z1 and y; in *F,
representatives of x and y respectively such that |z1| < |y1]. This shows that
x1/y1 is bounded. Thus v(z/y) > 0, that is, v(z) > v(y). O

From the inclusion R C {x € F : v(Z) > 0}, we obtain {z € F: v(Z) > 0} C
R. Hence °R C {z € F:v(Z) = 0}, where “R ="R\ ‘R .

Proposition 3.13. Ifﬁ has a nontrivial real-valued valuation compatible with
the order of ¥, then the order topology coincides with the valuation topology on
F.

10



Proof. Let v be a nontrivial real-valued valuation on F. Then there exists a €
F,, such that 0 < v(a) < +o00. Hence {x : x| < a™} C {x : v(z) > nv(a)}, this
shows that the valuation topology is coarser than the order topology. Now, let
a€F, and r == v(a). Then {z : v(z) > r} C {z: |z| < al}. O

Proposition 3.14. If@ has a nontrivial real-valued valuation v, then
(i) {z € F:v(Z) > 0} is a maximal subring of F.

(ii) Moreover, if v is compatible with the order, then

F= U %bR and ‘F = ﬂ(—o/ﬂa”)

neN neN

where o is any element in °F 1, such that 0 < v(Q) < +oo.

Proof. (i) Let G be a subring of F such that G D {z € F : v(Z) > 0}. Then
there exists b € G such that v(b) < 0. Since 'F = {z e IF v(Z) = +oo} C G,
we have only to show that °F C G. Let = € °F, then v(£) = v(Z) — m;( ) >0
for n large. Hence ;7 € G, that is, z € b"G. Thus F C ((f‘;

(ii) Let a € “Fy such that 0 < v(@) < +oo. Hence a € ‘R \ ‘F. Let
x € °F, then there exists n € N such that v(l/&”) < v(Z). By compatibility of

the valuation v with the order, we get |Z| < =+. Thus O

Example 3.15. The Robinson valuation v(x) = st(log,(|x|)) is compatible with
the order of PR.

3.1 Naturals in F

For studying internal polynomials sending F to FF, see section we expect
that the following two natural properties are satisfied: hyperfinite sums and
products of elements in F of length N € F, N *N belong to F. These two
properties are satisfied when F = °R, since "R N *N = N. Whereas in the
general case, hyperfinite products of elements in F are not in F. The main
reason for that the exponential function is not F stable, that is, there exists
a € F and exp(a) ¢ F.

The aim of this section is to define the set of naturals in F, denoted by
FN, where the mentioned properties of the sums and the products are satisfied.
Next, we introduce F#, a convex subring of F, such that exp(F#) C F and
F#N*N=FN.

Definition 3.16. We define the set of naturals in F by
FN={ve*N:VReF,, R  €F}
where F; = FN*R, the set of non-negative elements of F.

The following properties are straightforward

11



Proposition 3.17.
(i) *N is a semiring.

(ii) Let (z;) be an internal sequence in F and N € ¥N. Then the product
Hiil x; is in F.

(iii) NCc NCFn*N.
Proposition 3.18.

(i) Ifﬁ has a nontrivial real-valued valuation compatible with the order of ﬁ,
then *N = N.

(ii) Ifﬁ is an exponential field (i.e., €* € F for any x € F), then *N = FN*N.

Proof. (i) Let R € Fy such that v(R) < 0, hence R > 1. Let v € FN and assume
that v € ®°N. Thus R” > R" for any n € N. Since the valuation is compatible
with the order, we obtain v(R") < nv(R) for any n € N, a contradiction. It
follows that v € N.

(i) Let v € FN*N, and R € F, we have 0 < RV < ef'. By convexity, we
get RV € F,ie., v eFN. O

We compute the set of naturals in examples [3.0.1}
Corollary 3.19.
(i) IfF ="R, then 'N = N.
(ii) If F= M, (or F=P,), then "N = N.
(iii) If F = E,, then 'N=F N *N.
More generally, let us define
F# ={ac*R:VReF,, Rl cF }.
Clearly, F# is a subring of *R. Moreover, we have
'R C F# C F and F#¥ n*N ="N.

As an example, one can show by direct computations that Mf =R,

The following mappings are well defined
(i) In:Fy \ ‘F — F,
(i) In: *Ry \Fy — *Ry \ FZ, where F# = F# N *R,,

(iii) exp : F# — F,. Moreover, if there exists G a subring of *R such that
G D F# and exp(G) C Fy, then F# C G C F.

12



3.2 Algebraic description of the Robinson field "R

Given p, a positive infinitesimal number, Robinson[I4] constructed R, the field
of real p-asymptotic numbers, and defined a valuation topology on PR.

In this section, we will describe an algebraic construction of such field.

Let R be a valuation ring which is not a field, and @ its fraction field. Thus
R is a local ring and, m will denote its maximal ideal.

Pick p a nonzero element in m. Let R, be the smallest subring of ) con-
taining R and %.
Proposition 3.20. R, is the localization of R with respect the multiplicative
set {1,p,p% ..., }, that is, R, = Un21 #R. Its mazimal ideal is given by
m, =(,5, p"R and p ¢ m,,.
Proof. Clearly Un21 ﬁR is the smallest subring of @) containing R and p. Now,

we have only to prove that m, = (1, -, p"R. Since [~ p" R is a proper ideal
in R, we have (1,5, p"R C m,. Conversely, let & [, p"R. Then there

is n € N such that ﬁ ¢ R. Since R is a valuation ring, we obtain % € R,
ie., % € ﬁR C R,. Hence z is invertible in R, and € m,. Finally p & m,,
otherwise p will be invertible in R. O

The following shows that the latter construction is useful if R is a non-
Noetherian ring.

Proposition 3.21. Suppose that R is Noetherian valuation ring. Then R, = @,
the field of fractions of R.

Proof. This follows from the inclusion m, C (1),,~; m"™ and the Krull’s intersec-
tion theorem which states that (1,5, m™ = {0}. O

Let us recall that a Noetherian valuation ring is either a field or a discrete
valuation ring, that is, its value group is isomorphic to Z.

Theorem 3.22.

(1) If 3 is an ideal in R such that /3 S m, then 3 C (e 3 Mp- Moreover,
if J is a radical ideal non mazximal, then J = ﬂpem\j m,.

(ii) If p is a prime ideal in R, non mazimal, then p = ﬂpem\p m,.
(iii) The mazimal ideal m D UpEm\{O} m,. Furthermore, if mpEm\{O} R, =R,
then m = {J ) (0} Mp-
Proof. (i) Let z € J and assume that there exists p € m\ v/J such that z ¢ m,,.

Then there exists n € N, n > 1 such that ﬁ ¢ R, thus %ﬁ € R. Hence p € V7,

a contradiction. Therefore J C ﬂpém\\/ﬁ m,
Conversely, using the fact that p € m,, for any non-zero element of m, we obtain
m\JC Upem\:jm \ m,. Thus, if J is a radical ideal, then J = ﬂpEm\J m,.

13



(ii) Clear.
(ili) Obviously, we have {J,cu 0y Mp C m. Conversely, let © € m and
assume that for any p, non-zero element of m, x ¢ m,, then, there exists n € N

such that ﬁ ¢ R, so its inverse % € R. Hence % € anm\{O} R, =R, a
contradiction. O

Corollary 3.23.
(i) If p is a prime ideal in *R, non mazimal, then p = Npemp Vo
(ii) The mazimal ideal, ‘R = Upem\ (o1 No-
For the definition of N,, sce Examples [3.0.1] (iii).

Proof. We have only to show that ﬂp>0 M, = ’R. Let = ¢ *R and
A={ne"N:|z]'/" > n}.

A is an internal subset of *R containing N, hence A contains some infinite integer
N € N*®. Let p:= |z|~'/N. Since p < 1/N, we get p € 'R and |z| > p~" for all
neN, ie,z g M,. O

4 Bornologies on *X

Definition 4.1. Let (X,B) be a bornological space. Then B«x = Ugcp B is
called the set of bounded points of * X .

Similarly to the topological context where two topologies are considered on
a nonstandard extension of a topological space, we will construct bornologies
on a nonstandard extension of a bornological space.

Definition 4.2. Let (X, B) be a bornological space. Then

(i) (*B)pen generates a bornology on *X called the S-bornology.

(ii) {B-x} generates a bornology on *X called the S-trivial bornology.
(iii) *B generates a bornology on *X called the Q-bornology.

Elements of the S-bornology (resp. Q-bornology) are called S-bounded (resp.
Q-bounded).
Hence A a subset of *X is S-bounded if there exists B € B such that A C *B
and A is Q-bounded if there exists B € *B such that A C B.

Trivially, the S-bornology is coarser than the Q-bornology.

Proposition 4.3. The S-trivial bornology is coarser than the Q-bornology.

This is a direct consequence of the following lemma, the proof of which
requires that V(*X) is an enlargement.
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Lemma 4.4. Let (X, B) be a bornological space. Then there exists B € *B such
that B«x C B.

Proof. The binary relation P on Bx B defined by P(A, B) if A C B is concurrent.
If Ay,..., A, € Bthen B = A;U...UA, satisfies P(A;, B), 1 <i < n. Since
V(*X) is an enlargement, there exists B € *B, so that *A C B for all A € B
and hence B-x C B. O

Lemma [£.4] and the transfer principle imply the following theorem :

Theorem 4.5. Let (X, B) and (Y, B') be two bornological spaces and f : X =Y
be a mapping. Then [ is bounded if and only if *f(Bs«x) C B'+y

In other words, f : X — Y is bounded if and only if f sends bounded points
of *X to bounded points of *Y.

We note that some intermediate bornologies can be considered in the context
of metric spaces and locally convex spaces.

For instance, in *R, the collection of subintervals with positive real radii is a
base for the S-bornology and R is a base the S-trivial bornology. The collection
of subintervals with positive hyperreal radii is a base for the Q-bornology. Now,
let F be a convex subring of *R, subintervals with radii in *IF; is a base for a
bornology called the F-bornology.

The bornology generated by {F} is called the F-trivial bornology. Hence

S-bornology C F-bornology C F-trivial bornology C @-bornology.

More generally, let (X, d) be a metric space and F be a convex subring of *R,
the collection of balls {B,.(z) C *X : x € X,r € °F, } is a base for a bornology
on *X called the F-bornology. Besides, when F = ’R, this bornology is reduced
to the S-bornology and for F = *R, we obtain the Q-bornology.

4.1 Bounded Polynomials

Let n € N, n > 1. A multi-index v = (v1,...,1,) is just an element on N™ and
as usual we define |v| =11 + ...+ vp.
Let z = (21,...,2n) € C" and v = (v1,...,v,) a multi-index. If a, € C then

a,z" = ayz{* ...zt is called a monomial. A polynomial in n variables is a
function P : C" — C of the form P(z) = _, <, av2", where d € Nand a, € C.
The set of all polynomials in n variables is denoted by C[Ty,...,T,]. Every
polynomial in * (C[T%,...,T,]) is called a nonstandard polynomial. If follows
by the transfer principle that every nonstandard polynomial can be written in
the form P(z) = >, <4 av2”, where a,, € *C and d € "N. We associate to P
the internal polynomial |P| defined by [P[(2) = >, <4 lav|z". The set of all
internal polynomials in n variables is denoted by C[T7,..., Ty ]int-

We will define several kind of boundedness of internal polynomials and pro-
vide characterizations in terms of their coeflicients.
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Definition 4.6. Let P € C[T1,...,Ty)int be an internal polynomial and F and
G be two convex subrings of *C such F C G. We call P

(i) an (F,G)-bounded polynomial if P(F™) C G,
(ii) an absolutely (F,G)-bounded polynomial if |P|(F™) C G,
(iii) an (F,G)-infinitesimal polynomial if P(F") C 'G.

In fact, we will prove in Corollary that the first two notions of bounded-
ness defined above coincide.

Let §C[Ty,...,T,] denote the set of (F,G)-bounded internal polynomials.
We simply denote by FC[T1, ..., T,] := EC[Ty, ..., T], the set of (F,F)-bounded

polynomials and by iFC[Tl, ..., T,] the set of (F,F) infinitesimal polynomials.
The following proposition gives a characterization of boundedness of internal
entire functions.

Proposition 4.7. Let f € *O(C") be an internal entire function, f = > .y ap2”.
Then

(i) f is (F,G)-bounded if and only if for any R € F, there exists Cr € G4,
such that |a,| Rl < Cg, for any v € *N™.

(ii) f is (F, G)-infinitesimal if and only if for any R € F, there exists Cg €
‘G, such that |a,| R < Cgr, for any v € *N™.

Since the proofs of the two statements are similar, we prove only (i).

Proof. (i) Let f = c.yn a2 be an (F, G)-bounded entire function and R be
any positive number in F. We denote by Tr = {(&1,...,&,) € *C™,|&| = ... =
|€n] = R}. Applying the Cauchy integral formula, we obtain

_ ! fl, . &)
al/ B (27‘-2)” »/TR V1+1 %”+1 d§1 Tt dé.n

1 ey

Again, by transfer, the polynomial f attains its maximum at some point
ér € Tg. Since f is (F,G)-bounded, we have f(£r) € G. Hence there exists
Cr € G4, such that

Cr
< — *N™.
la,| < RV Vv e *N
Now, we verify the converse. Let z = (21,...,2,) € F", then there exists

R € F, such that |z;| < R, for any ¢ = 1,...,n. By hypothesis, there exists
Csor € Gy, such that |aV|(2R)|”| < (Cyp for each v € *N. Hence

lf(2)| < Z jau| R < Z |, |(2R) ‘WSCQR Z o <2 Cag.

ve*Nm ve*Nn ve*Nnm

Therefore, f is (F,G)-bounded. O
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Corollary 4.8. An internal entire function f € *O(C") is (F,G)-bounded if
and only if f is absolutely (F,G)-bounded.

In order to give a characterization of boundedness in terms of the coefficients
of the polynomial, we introduce the following

Definition 4.9. Let F and G be two convex subrings of *C such that F C G.
Define
°®N:={re*N:VRcF,, R' €G}

the set of (F,G) naturals.

We remark that %N, the set of (F,TF) naturals, is reduced to FN, the set of
naturals in F. Moreover, by convexity of G, we have

v € EN if and only if ¥n € F N*N, n” € G.
Example 4.10. IfF =’R and G = M,, then
SN={ve*N:v<allnp| for somea c Ry} =*Nn(|Inp|°R,).

Proposition 4.11. Let F and G be two subrings of *C such that F C G. Then

(i) N is a monoid.

(i) NCFNUPN Cc YN c GNn*N.

(iii) Let n,m € *N such that m < n. If n € §N, then m € §N.

(iv) (F)" C G for any N € *N\ &N.

(v) If*C C G, then N C §.N.

Proof. The properties(i) and (ii) are straightforward.
(iii) Let @ € ‘F and N € *N\ $N. Then there is Ry € F such that RY ¢ G,
that is, = € ‘G. The number aRy € ‘F so it satisfies |aRg| < 1. Hence

7R(1)\’

1 .
N i
o’ | < = €°G.
0 <
By convexity of ‘G, we deduce that oV € ‘G.
(iv) Since °C C G, then there exists w € G N *R,. Let N := [Inw], the
greatest integer of Inw. Thus N € G N *°N because N < w. For any n € N, we
have n”V < w™ € G. Hence N € (E’CN. O

Theorem 4.12 (Principles of permanence of $N).
Let A be an internal subset of *N and F and G be two subrings of *C such
that F C G.

(i) (The Underflow Principle) Let K € °N be an infinite integer. If every
H € *N\ N with H < K belongs to A, then there is some k € SN such
that [k..K] C A.
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(ii) (The Overflow Principle) Let k € $N. If every n € $N with n > k belongs
to A, then there is some K € *N\ §N such that [k..K] C A.

Since the proofs are similar to the classical permanence principles, see Goldl-
blatt [6] p.136, we will give only the proof of the underflow principle.

Proof. (i) Our hypothesis is that [H..K] C A for all H € *N\ ¥N with H < K.
Let
B={ke*N: [k.K] C A}.

B is a nonempty internal subset of *N. Then by the internal least number
principle it has a least element k, and a such k must belong to ](E’N because if
k € *N\ $N then k — 1 would be in *N\ §N, so by our hypothesis k — 1 would
also be in B but less than k. O

Theorem 4.13. Let P € C[T1,...,T,]int be an internal polynomial, that is,

pP= Z a,T”, where a, € *C,d € "N*°,
v|<d

Then P is (F,G)-bounded if and only if the following two conditions are satisfied
(i) a, € G for |v] € ¥N,
(ii) |ay|™ € iF for |v] € EN; |v] < d.

Proof. Let P = Zp\gd a, T be an (F,G)-bounded polynomial. Then, by
Proposition there exists C € G4 such that |a,| < C for each v € *N".
In particular, a, € G for |v| € §N.
Suppose there exists |vg| ¢ SN such that |ayo|ﬁ ¢ 'F. So, there exists m € °F
such that .

|y, | 0T = m.

The condition |vg| € SN implies that there exists Ry € F such that Rg’ol ¢ G.
Let R = %. Clearly, R € F and for any C € G, we have

lav| R > Ry > C©

which contradicts Proposition i).
Conversely, let R € Fy, we set

1 1
AR = € *N:la,|™ < .
r= {0 €N ™ < )

Ap is an internal subset of *N containing {m € *N\ $N : m < d}. By the
permanence principle, there exists ng € $N, such that [ng..d] C Ag. Hence

la, |R” < 1 for every v € *N", with ng < |v| < d.

For |v| < ng, we have a, R¥ € G, as R” € G and a, € G. Let Mg =
max|,|<n, (|av| R). Mgr € G and |a,|R" < max(1, Mp) for any v € *N",
|v| < d, which shows that P is (F,G)-bounded. O
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Corollary 4.14. The ring %’(C[Tl7 ..., Ty is invariant by any partial derivative
0% for a € N™.

Let P € §C[Ty,...,T,]. The mean value theorem yields, if x,y € F" such

that  — y € ‘G, then P(z) — P(y) € ‘G. This allows us to define P, the
pointwise function associated to P:

P F”/iG" = G.
Now we consider the following situation: let Q = ZMgd a, T € C[Ty, ..., Ty]int

be an internal polynomial where a,, € °C and d € *°N. A natural question arises
: does there exist a proper convex subring F of *C such that the polynomial @
is F-bounded?

For w € *°N;, let us denote

P,={2€*C : 3Re Ry, |z| < R“}.
P, is a convex subring of *C. Moreover, (P,), is increasing, that is, if
wi,wz € ©°N with w; < wy, then P, C P,,.

For d € *°N, let us define

Fy= U Py,
k>0

where Py = *C. Clearly, F, is a proper convex subring of *C.
Theorem 4.15. Let Q = EMgd a, T € C[Ty,...,Ty]int be an internal poly-
nomial where a, € °C and d € ®°N. Then for any k € N, we have
Q(}Z%)C:}ak+L
In particular, the polynomial Q) is Fy-bounded, i.e., Q(F7) C Fy.

Proof. Let M = max|,|<4(|a,|). By assumption M € ’R. Let z = (21,...,2,) €

P7., then there exists a real number R, R > 1 and |z;] < R Put w = d*.
Re(d+1) n p
QI < QRS 1) < 3 3D () < 0 () <

lv|<d

This shows that Q(z) € Pge+1. O

4.2 Quasi-standard part of bounded internal entire func-
tions

Let f € *O(C™) be an (F,G)-bounded internal holomorphic function over *C™.
Then

flz) = Z a,z” and f(F") CG.

ve*Nm
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For N € *N, let us denote fy = Z|V|<N a,z¥ the truncation of the series f up
to the order N. It is clear that for any N € *N, the internal polynomial fy is
(F, G)-bounded.

Theorem 4.16. f € *O(C"™) be an (F,G)-bounded internal holomorphic func-
tion. Then for each N € *N\ §N, the tail (f — fn) is (F,G) infinitesimal, that
18,
(f = fn)(E) C°G.
And .
f(z) = lim  fn(2).

NEeFZN,N— o0

f(z) = limycon Noyoo J/cj\v(z) means that for any ¢ € G, € > 0, there exists

N € §N, such that for any n € $N, n > N, we have |f(z) — ]%| <e.

1 .
Proof. Let N € *N '\ §N, then there is Ry € F, Ry > 2 such that =Y €'G.
. 0
Let us first show that 3, 5 n 4 @ € 'G. Indeed,

L (RN
Z Tl S(l—i/Ro) S(W) e'G. (%)

lv|>N+1 R,

Let z = (21,...,2,) € F™, then there exists R € F such that |z;| < R for any
i=1,...,n. By Proposition there exists C' € G such that

la,|(RRy)Y! < € for any v € *N".

Hence

F-mEI< S jalR < 3 Iay\(RRO)MﬁSC D

[v|>N+1 [v|>N+1 0 [v|>N+1 RlOV‘
Using the estimate (), we find that (f — fn)(2) € 'G.

We deduce that f/(;) = limycon nooo ]/”]\v(z) Indeed, let & > 0 in G and
€1 € °G such that €1 = € and z € F. Consider the set

Ac, - ={k € "N [f(2) — fu(2)| < e}

A, . is an internal set containing *N '\ ¥N. By the permanence principle
(see Theorem [4.12)), there exists N € $N such that for any n greater than N
belongs to A, ., that is, for all n € N, n > N, we have |f(2) — f.(2)] < e1.

—

Hence for all n € N, n > N, we have |f(2) — fn(2)| <e. O

Combining the previous theorem with Proposition yields:
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Corollary 4.17. Let F be a convex subring of *C such that F has a nontrival
real-valued valuation. If f € *O(C™) is an F-bounded internal holomorphic
function over *C", f(z) = >, copn av2”. Then flz) = Y ovenn @pz¥, for any
z € Fn. Thus, ]? defines an entire function over Fr.

Finally, we note that if we impose a more restrictive condition of boundedness
on internal holomorphic functions, we get essentially constants.

Theorem 4.18 (Liouville theorem). Let f € *O(C"™) be an internal holomor-
phic function over *C™. Assume that there exists C € Fo such that |f(z)] < C

for any z € F™, then f: f/(a)

Proof. Let f(z) = ), cey» @v2” be an internal holomorphic function such that
|f(2)| < C for any z € F*. We combine the overflow principle and the Cauchy
|v]

integral formula to obtain the existence of Ry € *°F, such that |a,|Ry < C
for any v € *N™. Thus for any R € F; and |v| > 1, we have

lay|R¥ < |a, |RY(R/Ro)”! < CR/Ry € 'F.

It follows from Proposition that f — f(0) is F-infinitesimal, thus f: f/(a)
O

5 Nonstandard hulls of topological vector spaces

5.1 Nonstandard topologies on *F

Let E be a K-topological vector space, where K stands either for R or C. De-
note by N the filter of neighborhoods of 0 in E. Let ’K be the set of bounded
elements of *K and ‘K be the set of infinitesimals of *K. Let F be a convex
subring of *K, that is, °K C F € *K. Let us recall that °F = F \ ‘F denotes the
set of appreciable elements of FF.

We define a family of topologies on *E parametrized by convex subrings of
*K as follows: for each p in *F, let

Vo(*E,F)={p+7r*U : U €N and r € °F}.
We will often write V(*E) in place of Vo(*E,F).
Proposition 5.1. V(*E) is a neighborhood basis of zero in the group (*E,+).

Proof. First, we have to show that V(*FE) is a filter base on *E.

(i) 0 € 7*U for any U € Ny and r € °F.

(i) For any U,V € Ny and r,s € °F. Let Uy, Vi be two balanced neighbor-
hoods of 0, such that Uy C U and V, C V. For W = UyNV; and ¢ = min(|r|,|s|),
we have t € °F and t*W C r*U N s*V.

(iii) For any U € N, there exists V € Ny such that V —V C U. Thus for
any r € °F, we get r*V —r*V C r*U. U
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If (E,7) is a topological vector space, we denote by (*F, 7r) the topology on
*E generated by V,(*E,F).

We notice that for F = °K, the topology on *E generated by V(*E) coincides
with the topology generated by the zero neighborhood basis {*U : U € Ny}.
The latter topology was defined by Henson and Moore in [7].

5.2 [F—bounded elements of *F

Definition 5.2.

(i) A point p of *E is F-bounded if, for each neighborhood U of 0, there exists
r € °F which satisfies p € r*U.

The set of F-bounded elements of *E will be denoted by F(*E).
(ii) We define the F-halo of 0 by
pe(0) = () U= [ ru0),
UeNo, re °F reaF
where (1(0) = Nyen, U stands for the classical halo of 0 in *E.
(iii) For any point p € *E, the F-halo of p,
pie(p) = p + pe(0).

Remark 5.3.

(i) The F-halo of p is exactly the closure of p with respect to the topology
generated by V,(*E,TF).

(ii) ur(0) is closed under addition and under multiplication by elements of TF.
(iii) The set of F-bounded elements of *K is F, i.e., F(*K) =F.

(iv) The topology generated by V,(*K,F) coincides with the QS-topology on *K,

see [11)].
Theorem 5.4. An element p of *E is F-bounded if and only if \p € ur(0)
whenever \ € 'F.
In particular, this shows that
F.F(*E) C ur(0).

Proof. Suppose that p is F-bounded. Let U be a balanced neighborhood of 0.
Then p € ro*U for some rg € *F. Therefore, p € w*U for every w € *°F.
Given r € °F and X\ € ‘F, with A # 0. Let wy = r/\. Clearly, wg € *F and
Ap € Awo*U C r*U. Tt follows that Ap is in pup(0) whenever A is in ‘F.

Conversely, if A\p € ur(0) for every A in ‘F and if U is a neighborhood of 0, then
the internal set A = {w € *R : p € w*U} contains *°F. Thus by the underflow
principle, A must contain r € *F. Therefore, the condition implies that p is
F-bounded. U
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The following is an immediate consequence of Theorem and Remark
(ii).
Corollary 5.5.
() Ifp € F(“E), then uz(p) C F(EB).
(ii) F(*E) is an F-module.
Theorem 5.6.

(i) ) is a topological F-module, that is, the addition F(*E) x F(*E) —

F(*E

F(*E) and the scalar multiplication F x F(*E) — F(*E) are continuous.
(ii) F(*F
Proof. (i) We have to check that the scalar multiplication (A, z) — Ax satisfies
the following conditions, see Warner[22] page 86 :
(TM1) (A, x) — Az is continuous at (0, 0),

(TM2) for each ¢ € F(*E), A — Ac is continuous at 0,
(TM3) for each o € F, z +— aw is continuous at 0.

) is closed in *E.

Given U € Ny, there exists Uy a balanced neighborhood of 0 such that

UypCU. Let r € °F,.

(TM1) : (|A] < 1)(r*Up) Cr*Uy C r*U.

(TM2): Let ¢ € F(*E), then there exists 1o € *F, such that ¢ € r¢*Uy. We have
r/ro € “F1 and (|A| < |r|/|ro|)c C r (JA] < 1)*Up C r*U.

(TM3) Let « € F, we have \alﬁ € “F, and Ialﬁ *Up Cr*U.

(ii) To see that F(*E) is closed, let z € *E with « ¢ F(*E). Then there
exists U a neighborhood of 0 in E such that « & r*U for any r € *F,. Let O
be a balanced neighborhood of 0 such that O — O C U. Let V:= 2z 4+ *0. It
follows that V' is a neighborhood of = in *E satisfying V NF(*E) = 0.

Indeed, assume that there exists y € VNF(*E). Then we find r¢ € *F with
y € 1o *O. Since *O is balanced, this implies x € ro*O — *O C (|ro| +1)(*O —
*O) C (|ro] +1)*U, a contradiction. O

For each U € Ny and r € °F define
Vip = {(#9) € "Ex "B : z—yerU)

Let Ur be the filter on *E x *E generated by the filter base {V,. v : U €
No, 7 € °F}. Then Up is a translation-invariant uniformity on *F which deter-
mine the topology on *E generated by V,(*E,F).

Theorem 5.7. If F is generated by an asymptotic scale, then (*E,Ur) is com-
plete.
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Proof. Assume that F is generated by the asymptotic scale A\,. Let G be a
Cauchy filter on *E. Then for each n € N and each U € N, there exists
F,.uv € G such that

Fn,U — Fn,U C An *U.

Choose some z, y € F, y and consider the system of internal sets A, iy :=
Tnu + A *U. As F,, v C A, u, then A, v has the finite intersection property.
Hence, by the saturation property, we conclude that NA, iy contains some ele-
ment x € *F.

We claim that the filter G converges to x, that is, any neighborhood of x
belongs to G.

Let W be any neighborhood of x, then there exists n € N and U € Nj such
that © + A\, *U C W. Let V be a neighborhood of 0 such that V —V C U. We
have

Fyn Cxpyv+A"V C (zpv—2)+(x+A,"V) C =NV +(z+N,*V) C z+N,U

Hence z + A\,,*U € G and so W € G, as claimed. O
Using Theorem [5.6| (ii), we deduce the following

Corollary 5.8. IfT is generated by an asymptotic scale, then F(*E) is complete.

Theorem 5.9. Let (G,7) and (H,7') be K-topological vector spaces and f :
G — H be a linear mapping. Consider the following

(i) f is continuous at 0.
(it) *f(F(0)) C pif (0).
(i) */ (F("G)) € F(*H).
Then (i) < (ii) = (iii).
Furthermore, if F is generated by an asymptotic scale, then (i) <— (ii) <
(ii).
Before giving the proof, we need the following lemmas

Lemma 5.10. Let E be K-topological vector space. Then there exists W, a
x-open neighborhood of 0, such that W C ug(0).

Proof. According to the saturation principle, there exists V', a *- open neigh-
borhood of 0, such that V' C pu(0), see [§]. Let o be a nonzero element in ‘F.
We claim that W := oV is a *-open neighborhood of 0 satisfying W C ug(0).
Indeed, the transfer principle shows that W is a *-open neighborhood of 0. Fur-
thermore, for any r € “F and for any U, a balanced neighborhood 0, we have
oV C a*U Cr*U, thus, W C ug(0). O
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We prove the converse of Theorem under some additional assumptions
on .

Lemma 5.11. Assume that F is generated by an asymptotic scale. Then, for
each p € up(0) there exists w € *°F such that wp € up(0). Hence

F s (0) = a5 (0).

Proof. Let p € pp(0). For each n € N and U € N define the internal set
A(n,U) by
An,U)={z € R : 2 > A_,, and ap € A\,"U}.

Since pr(0) is closed by multiplication by elements of I, each set A(n,U) is
nonempty. It follows that the sets A(n,U) is a collection of internal subsets of
*R which has the finite intersection property. Hence, by the saturation principle,
there is w in the intersection of the collection. That is, w € *°F and satisfies
wp € A\,*U for each n € N and each U € Njy. Tt follows that wp € pp(0), which
completes the proof. O

Remark 5.12. We remark that if (E,|.|) is a normed space then ‘F . up(0) =
pr(0) holds for any F a convex subring of *R. Indeed, let p be a nonzero element
in up(0), i.e., |p| € ‘F. Let w = 1/+/|p|. Clearly, w € °F and wp € pur(0).

Proof. (Theorem [5.9)

(i) = (ii) f is continuous at 0. So for any V neighborhood of 0 in H
there exists U, a neighborhood of 0 in G, such that f(U) C V. By the transfer
principle, we get * f(r*U) C r*V, for any r € “F. Hence * f(u(0)) C uf (0).

(i) = (i) Conversely, assume that *f(ur(0)) C pg (0). Let V be an
arbitrary neighborhood of 0 in H. Using Lemma [5.10} we obtain :

There exists W, a *-open nieghborhood of 0,such that * f(W) C *V.

The transfer principle shows that f is continuous.
(i) == (ili) Let p € F(*G). According to Theorem the condition
*f(p) € F(*H) is equivalent to ‘F.* f(p) € uf (0). Indeed, let A € °F,

/

A f(p) ="f(Ap) € “f(ug(0)) C pg (0),

which completes the proof.
(ili) = (ii) Assume that F is generated by an asymptotic scale. By Lemma

[5.10] we have
“f(pR(0)) =*f(F.F(G)) = "F.*f(F(*G)) C ‘F.F(*H) C pf (0).

Corollary 5.13. If 7 and 7' are two vectors topologies on E and F is convex
subring of *R generated by an asymptotic scale. Then

i) rcr < F.(*E)DF.(*E)
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(i) 7 =7 < F.("E) = F,.(“E)

Definition 5.14. Let (E,7) be a K-topological vector space. The F-nonstandard
hull of E is the vector space E defined by

E = By = F("E) /= (0)
equipped with Tg, the quotient topology of ¢ on F(*E).

The canonical mapping of F(*E) on E will be denoted by m, thus m(p) =
p + pr(0) for all p € F(*E).

We remark that the quotient topology on F coincides with the (product of)
order topology, that is,

B(0,r) = {a € F : |o|<r}, refFy,
is a neighborhood basis of 0 is F.

Proposition 5.15. The quotient mapping © : F(*E) — E is continuous and
open.

By Theorem [5.6]and the universal property of the quotient topology, we have

Theorem 5.16. E is a Hausdorff topological F-vector space.

F(*E) x F(*E) —— F(*E) F x F(*E) —— F(*E)

e b o

ExE———FE FxE ——

@H

Theorem 5.17. If F is generated by an asymptotic scale, then Eis complete.

Proof. Let QA be a Cauchy filter on F and let G be the filter on F(*E) generated
by 72(G). One can easily check that 7~ 1(G) is a Cauchy filter on F(*E), hence
by Corollary it converges to some x € F(*E). The continuity of the mapping
7 implies that G = w(G) converges to m(z). O

Proposition 5.18. If E is a normed space, then topology of ¢ induces on E
the discrete topology.

Proof. 1f E is Hausdorff, then E is a subspace of ! E. Indeed, let x € F such that
m(x) = 0. Hence x € pup(0) N E C u(0)NE = {0} = {0}. O

Using Theorem we deduce the following

Theorem 5.19. Let G and H be two K-topological vector spaces and f : G — H
be a continuous linear mapping. Then f gives rise to a continuous F-linear
mapping f G- H defined by

J?(J?) = f/(;) for all 7€ G.
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6 Nonstandard hulls of locally convex spaces

Let E be a locally convex topological vector space topologized through a family
of seminorms (p;);es. Then F(*E), the set of F-bounded points of *E defined
in section is given by

F(*E) ={x € "E : pj(z) € F for all j € J},

and
pr(0) = {x € *E : p;(x) € 'F for all j € J}.
The topology (*E,1r) is generated by {pj_l(O,r) :r € °F.} as a subbase.
In other words, 77 coincides with the initial topology on *E making all *p; :
*E — *R4 continuous, where *R is equipped with the QS-topology generated
by F. R
The family of seminorms p; induces on E

@IE-}@+.

The quotient topology Tp on E coincides with _the initial topology making
all the seminorms p; : E — [ continuous, where F is equipped with the order
topology.

6.1 Examples

(i) Let E = £(Q), the space of smooth functions over 2, an open subset
of R". E is topologized through the family of seminorms pg, ;(f) =
SUPge K, |aj<j 0% f(2)], where (K;)ien is an exhausting sequence of com-
pact subsets of 2.

F(E(Q)) ={f € *E(Q) : 0“f(ns(*Q)) C F for all « € N"},
pr(0) = {f € *£(Q) : 0% f(ns(*Q)) C 'F for all @ € N"},

where ns(*QQ) stands for the nearstandrad points of *Q.

—

The space £(2) = F(*E£(RQ))/ur(0) was studied in details in [20] as the
nonstandard counterpart of Colombeau algebras.

(ii) Let (X, Ox) be a separable analytic space, and U C X any open set. Re-
call that Ox (U) has a structure of a Fréchet space defined by the topology
of compact convergence.

F(*Ox(U)) = {f € "Ox(U) : f(us("U)) C F},
ux(0) = {f € “Ox(U) : f(ns(*")) C F}.

—

The space Ox (U) =F(*O(U))/ur(0) is the F-nonstandard hull of Ox (U).

S

Moreover, the mapping U — Ox (U) defines a separated presheaf on X as
any element f € Ox (U) gives a pointwise mapping f : ns(*U)/"F" — F.
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(iii)

Remark. Let G be a Fréchet sheaf on a topological space X with a count-
able topology, that is, G is a sheaf of vector spaces on X such that G(U)
is a Fréchet space for every U C X, an open subset of X, and for every
V C U, the restriction-homomorphism G(U) — G(V) is continuous. Let

_C'//(U\') be the F-nonstandard hull of G(U). If F has a nontrivial real-valued

valuation compatible with its order, then the space G(U) is a complete with
respect to a countable sequence of ultra-seminorms. Hence, using Theorem
i,

we deduce that the mapping U — G(U) gives a Fréchet presheaf on
X.

A fundamental example of a Fréchet sheaf is given by a coherent Ox-
module, where (X, Ox) is a complez space.

Let us consider Z, the ring of the integers equipped with [.|,, the p—adic
norm. Recall that if n € Z\ {0}, |n|, = p~*»™, where v, denotes the
p—adic valuation for Z. Let F be a proper convex subring of *R, that is,
'R CFC*R.

Then the set of F-bounded and F-infinitesimal elements are giving by

F(*Z) ={n € *Z : |n|, € F} = *Z,
pr(0) = {n € *Z : |n|, € 'F}.

One can easily check that up(0) is an external prime ideal in *Z.

The following proposition provides a generalization of Theorem 18.4.1 in
Goldblatt [6], where the author considered the case F = ’R.

Proposition. Let n be a nonzero hyperinteger n € *Z. The following are
equivalent

(i
(ii

(iii

In|, € F.

vp(n) € *N\ {zN.

n is divisible by p* for all k € I,,FRN.

n is divisible by p® for some K € *N\ IERN.

—_ — — —

(iv
The proof is a direct consequence of the following elementary lemma
Lemma. log(*F;)N*N="N\{,N.

Proof. (Proposition)

(i) <= (ii) : |n|, € 'F <= p»(™ € ®*F, <= v,(n) € log(*F,) N *N.

(ii) <= (iii): p*/n <=k < v,(n).
(iii) <= (vi) : Follows from the overflow principle, see Theorem O
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Let us consider 8, the following homomorphism of rings
0p: "L — lim “Z/p**Z
kef N

defined by 6,(n) = (n mod pk)keﬁmN- Using Proposition we deduce
that ker 6, = ur(0). Hence

2F = lim "Z/p" L.
key, N

where ZF denotes the F-nosntandard hull de *Z, that is, ZF = F(*Z)/ug(0) =
“Z/pr(0).
We obtain the following commutative diagram

7F Jim *7/pF 7

l kej N

Here, Z denotes the *"R-nonstandard hull of *Z, which is isomorphic to Z,,
the ring of p—adic integers, see Goldblatt [6].

A Spilling Principles

We recall several spilling principles in terms of a proper convex subring F of
*R. We should note that the familiar underflow and overflow principles in
nonstandard analysis follow as a particular case for F = R.

Theorem A.1 (Spilling Principles). [20] Let F be a proper convex subring of
*R and A C *R be an internal set. Then:

(i) Overflow of F : If A contains arbitrarily large numbers in F, then A
contains arbitrarily small numbers in *R\ F. In particular,

F\'FC A= AN(R\F)#0

(ii) Underflow of F \ 'F : If A contains arbitrarily small numbers in F \ 'F,
then A contains arbitrarily large numbers in ‘F. In particular,

F\'FC A= ANTF#0
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(iii) Overflow of ‘F : If A contains arbitrarily large numbers in ‘F, then A
contains arbitrarily small numbers in F\ 'F. In particular,

FcA=AN(F\'F) #£0

(iv) Underflow of *R\F : If A contains arbitrarily small numbers in *R\ F,
then A contains arbitrarily large numbers in F. In particular,

*R\FCc A= AN(F\F) #0

We should mention that these spilling principles fail if F = *R and ‘F = {0}.
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